Abstract: For a three-dimensional wide-angle synthetic aperture radar (SAR) with non-uniform sampling, it is necessary to divide its large aperture into several small sub-apertures before imaging due to the anisotropic characteristics of the target. The existing sub-aperture partitioning methods divide the aperture with equal intervals. However, for the non-uniformly sampled SAR, those equal-interval partitioning methods may have a bad effect on the resolution of the SAR imaging result. In view of this, a sub-aperture partitioning method for three-dimensional wide-angle SAR imaging with non-uniform sampling was proposed in this paper. First, we analyzed the relationship between the three-dimensional resolution and the sampling distribution in K-space based on the Cramer-Rao lower bound. Subsequently, according to the distribution of K-space sampling, the optimum size of each sub-aperture was found and the aperture was divided non-uniformly. Furthermore, the proposed method was validated by electromagnetic simulation data. The proposed sub-aperture partitioning method ensured that the resolution of each sub-aperture was high and consistent. By comparing with the equal-interval partitioning method, the experimental results showed that our proposed method had a higher resolution imaging result.
Introduction
Synthetic aperture radar (SAR) is an active microwave imaging sensor, which has the advantage of all-day and all-weather observation. In recent years, acquiring more comprehensive information from the target has become the development trend of SAR [1] [2] [3] . Compared with the conventional SAR, three-dimensional (3-D) SAR such as tomographic SAR (Tomo-SAR) and interferometric SAR can acquire 3-D scattering information of the target and overcome the distortion such as layover and shadow [4, 5] . Wide-angle SAR such as circular SAR can acquire more azimuth information of the target and get anisotropic characteristics of the target [6] [7] [8] . Combining 3-D SAR with wide-angle SAR is bound to obtain more comprehensive information of the target, thus conducive to improving the accuracy of target recognition and terrain classification.
3-D wide-angle SAR data can be acquired by Tomo-SAR, whose flight trajectories are delineated in Figure 1 by cyan dotted lines. Uniform and dense sampling of Tomo-SAR makes data collection time-consuming and high-cost [9, 10] . However, 3-D wide-angle SAR data can be obtained through the non-linear flight of SAR, which reduces the cost of data acquisition greatly [11] [12] [13] . On this basis, It is known that a large azimuth accumulation angle is a remarkable feature of 3-D wide-angle SAR with non-uniform sampling. Generally, the scatterer is assumed to be isotropic when imaging for SAR with a small azimuth accumulation angle. However, the isotropic scattering assumption is invalid for most scattering centers in the scene for wide-angle SAR [7, 17] . Therefore, the anisotropic characteristics of the target needs to be considered in a 3-D wide-angle SAR imaging method. In order to solve the problem, there are two processing methods commonly used in 3-D wide-angle SAR imaging.
One is the full-aperture processing method. It models the target scattering as a function of space and viewing angle, also, full-aperture data are employed for imaging directly [18, 19] . However, the computational complexity of this method is large [17] . The other is the sub-aperture processing method. It divides the large aperture into smaller sub-apertures whose scatterers are almost isotropic. After imaging on each sub-aperture, the sub-images are appropriately combined together to reconstruct the full-aperture imaging results [7, 8, 17] . In summary, by comparing with the fullaperture processing method, the sub-aperture processing method has less computation and better adaptability and wider applications [17] .
In the existing sub-aperture processing methods [17, 20, 21] , the aperture was divided with equal intervals (constant sub-aperture size and overlapping size) to ensure that the information on each line of sight was included and the resolution of each sub-aperture was the same. Although this equalinterval partitioning method is suitable for uniformly sampled SAR. However, the sub-aperture partitioning problem under non-uniform sampling has not been well solved. In fact, for nonuniformly sampled SAR, the existing sub-aperture processing approaches are not appropriate since the same resolution of each sub-aperture cannot be guaranteed when dividing the aperture with equal intervals.
The sampling distribution in K-space (spatial frequency domain) affects the resolution of the imaging result. Specifically, Moore et al. demonstrated that a greater diversity of K-space samples produced a higher 3-D resolution [22] . Figure 2 shows the K-space sampling of Tomo-SAR and five cooperative UAVs with the associated SAR system referred to in Figure 1 . It can be seen that the Kspace sampling of Tomo-SAR was uniform while that of UAVs with the SAR system was nonuniform. For uniform K-space sampling, when dividing the aperture with equal intervals, the It is known that a large azimuth accumulation angle is a remarkable feature of 3-D wide-angle SAR with non-uniform sampling. Generally, the scatterer is assumed to be isotropic when imaging for SAR with a small azimuth accumulation angle. However, the isotropic scattering assumption is invalid for most scattering centers in the scene for wide-angle SAR [7, 17] . Therefore, the anisotropic characteristics of the target needs to be considered in a 3-D wide-angle SAR imaging method. In order to solve the problem, there are two processing methods commonly used in 3-D wide-angle SAR imaging.
One is the full-aperture processing method. It models the target scattering as a function of space and viewing angle, also, full-aperture data are employed for imaging directly [18, 19] . However, the computational complexity of this method is large [17] . The other is the sub-aperture processing method. It divides the large aperture into smaller sub-apertures whose scatterers are almost isotropic. After imaging on each sub-aperture, the sub-images are appropriately combined together to reconstruct the full-aperture imaging results [7, 8, 17] . In summary, by comparing with the full-aperture processing method, the sub-aperture processing method has less computation and better adaptability and wider applications [17] .
In the existing sub-aperture processing methods [17, 20, 21] , the aperture was divided with equal intervals (constant sub-aperture size and overlapping size) to ensure that the information on each line of sight was included and the resolution of each sub-aperture was the same. Although this equal-interval partitioning method is suitable for uniformly sampled SAR. However, the sub-aperture partitioning problem under non-uniform sampling has not been well solved. In fact, for non-uniformly sampled SAR, the existing sub-aperture processing approaches are not appropriate since the same resolution of each sub-aperture cannot be guaranteed when dividing the aperture with equal intervals.
The sampling distribution in K-space (spatial frequency domain) affects the resolution of the imaging result. Specifically, Moore et al. demonstrated that a greater diversity of K-space samples produced a higher 3-D resolution [22] . Figure 2 shows the K-space sampling of Tomo-SAR and five cooperative UAVs with the associated SAR system referred to in Figure 1 . It can be seen that the K-space sampling of Tomo-SAR was uniform while that of UAVs with the SAR system was non-uniform.
For uniform K-space sampling, when dividing the aperture with equal intervals, the resolution of each sub-aperture is the same due to the same distribution in different sub-apertures. However, for non-uniformly sampled data as described above, the equal-interval partitioning will lead to a different resolution for each sub-aperture due to the different distributions of K-space sampling in different sub-apertures, and also make the resolution of the SAR imaging result even worse. Therefore, with the aim of obtaining higher resolution imaging results for 3-D wide-angle SAR with non-uniform sampling, a non-uniform sub-aperture partitioning method is urgently needed to ensure the consistency of the resolution for each sub-aperture.
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(a) (b) In this paper, we divided the aperture appropriately to get a higher resolution imaging result for 3-D wide-angle SAR with non-uniform sampling. First, we analyzed the relationship between the 3-D resolution and the sampling distribution in K-space based on the Cramer-Rao lower bound (CRLB) of 3-D position estimation error. Then, the distribution of k-space sampling was taken into account when dividing the aperture and a non-uniform sub-aperture partitioning method was proposed, which yielded high and consistent resolution for each sub-aperture. The resolution of the SAR imaging result obtained by the proposed method was much better than that of the equal-interval partitioning method.
The outline of the paper is illustrated as follows: Section 1 introduces the background of subaperture partitioning and the structure of this paper; Sections 2 and 3 present the signal model and the 3-D resolution estimation based on CRLB; Section 4 introduces the 3-D wide-angle SAR imaging with non-uniform sampling; Section 5 provides the procedure of the proposed non-uniform subaperture partitioning method, which was designed based on contents from Sections 2-4; Experimental results and conclusions are shown in Sections 6 and 7, respectively.
Signal Model
It is known that the assumption of isotropic scattering is invalid for the 3-D wide-angle SAR with non-uniform sampling. On this basis, the 3-D scattering model [22] of the point target at the location x, y,z ( ) should be expressed as:
where, S represents the scattering model without noise, Ae jϕ is the complex amplitude of the target, α is the scattering persistence of the target, and p α (θ ) is a window function. When azimuth
n is Gauss white noise with variance σ 2 , and the sampling position in K-space is given by [9] : In this paper, we divided the aperture appropriately to get a higher resolution imaging result for 3-D wide-angle SAR with non-uniform sampling. First, we analyzed the relationship between the 3-D resolution and the sampling distribution in K-space based on the Cramer-Rao lower bound (CRLB) of 3-D position estimation error. Then, the distribution of k-space sampling was taken into account when dividing the aperture and a non-uniform sub-aperture partitioning method was proposed, which yielded high and consistent resolution for each sub-aperture. The resolution of the SAR imaging result obtained by the proposed method was much better than that of the equal-interval partitioning method.
The outline of the paper is illustrated as follows: Section 1 introduces the background of sub-aperture partitioning and the structure of this paper; Sections 2 and 3 present the signal model and the 3-D resolution estimation based on CRLB; Section 4 introduces the 3-D wide-angle SAR imaging with non-uniform sampling; Section 5 provides the procedure of the proposed non-uniform sub-aperture partitioning method, which was designed based on contents from Sections 2-4; Experimental results and conclusions are shown in Sections 6 and 7, respectively.
It is known that the assumption of isotropic scattering is invalid for the 3-D wide-angle SAR with non-uniform sampling. On this basis, the 3-D scattering model [22] of the point target at the location (x, y, z) should be expressed as:
where, S represents the scattering model without noise, Ae jϕ is the complex amplitude of the target, α is the scattering persistence of the target, and p α (θ) is a window function. When azimuth |θ| ≤ α/2, p α (θ) = 1, otherwise p α (θ) = 0. n is Gauss white noise with variance σ 2 , and the sampling position in K-space is given by [9] :
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where c is the speed of light, the frequency, azimuth and elevation of the radar are respectively represented by f , θ, φ.
The essence of imaging is to estimate parameter Θ = [A, α, ϕ, x, y, z] T from Y. As a consequence, the 3-D resolution of the imaging results can be reflected by the CRLB for parameter Θ estimation.
3-D Resolution Estimation Based on Cramer-Rao Lower Bound (CRLB)
The K-space sampling is non-uniform and has a wide range for the 3-D wide-angle SAR with non-uniform sampling, as shown in Figure 2b . Therefore, the 3-D resolution of the imaging result cannot be determined by the size of the bandwidth and accumulation angle as usual. As a matter of fact, the CRLB of the position estimation error has the ability to predict the resolution with a given sensor distribution [22] . On this basis, we analyzed the relationship between the 3-D resolution and the sampling distribution in K-space based on the CRLB of the 3-D position estimation error.
The CRLB for parameter Θ estimation was defined as in [23] :
where I Θ is the Fisher information matrix. Each element of I Θ is given by [23] :
According to the 3-D scattering model represented in Equation (1), it is known that Y follows the distribution as P(Y Θ) ∼ CN S, σ 2 I , and
where N represents the number of sampling in K-space. Combining Equation (1) and Equation (5) with Equation (4), the Fisher information matrix was simplified as:
where µ x , µ y , µ z represent the centers of sampling in K-space, and R is cross-correlation matrix sampled in K-space. The expressions of µ x , µ y , µ z and R are as follows:
where N α is the number of sampling in K-space within the extent of the window function p α (θ). Furthermore, after partitioning Fisher information matrix, the CRLB sub-matrix CRLB xyz of the target position (x, y, z) was obtained through matrix decomposition and matrix inversion [24] CRLB xyz = σ 2 2NA 2 C −1 (9) where matrix C denotes the covariance matrix of the sampling in K-space and is expressed as:
The CRLB xyz defines the uncertain range of position estimation. The square root of the determinant of CRLB xyz is proportional to the volume of the uncertain range and hence gives a measure of the resolution [22] . Therefore, the estimation of 3-D resolution was given by:
In Equation (11), the scale factor of CRLB xyz was replaced by an adjustable parameter β, which avoided the influence from the sampling number and the target scattering amplitude. Since the purpose of this paper was to propose a suitable sub-aperture partitioning method by analyzing the change of 3-D resolution in different K-spaces by Equation (11), thus the adjustable parameter β did not affect the experimental results.
Equation (11) depicts that the 3-D resolution estimation V CRLB is determined by the distribution of K-space sampling and the scattering persistence of the target. A great diversity of samples results in a higher resolution of the imaging result. In addition, when the aperture extent is larger than the scattering persistence of the target, the 3-D resolution cannot be improved with increasing aperture extent. In summary, Equation (11) can be used to predict the 3-D resolution with the given K-space sampling and target.
3-D Wide-Angle SAR Imaging with Non-Uniform Sampling
The azimuth range of 3-D wide-angle SAR with non-uniform sampling is [66 • , 114 • ], as shown in Figure 1 . If full-aperture imaging is carried out directly, a better azimuth resolution is expected due to the large azimuth aperture size of 48 • . However, direct full-aperture imaging leads to the weak scatterer (small scattering persistence) being covered by the strong scatterer (large scattering persistence), thus the anisotropic characteristic of the target is ignored, which will cause a mismatch between imaging result and real scene. Moreover, when the aperture extent is larger than the scattering persistence of the target, it can be deduced from Equation (11) that increasing the aperture extent does not improve the 3-D resolution anymore. Therefore, direct full-aperture imaging is sometimes unnecessary.
In order to take care of the weak scatterer, the sub-aperture processing method is used for 3-D wide-angle SAR imaging with non-uniform sampling. When using the sub-aperture processing method, the large aperture is divided into smaller sub-apertures firstly. After imaging by the 3-D non-uniform fast Fourier transform (3-D NUFFT) on each sub-aperture, the final imaging result is obtained by fusing all sub-aperture images. A feasible way for sub-aperture fusion is the generalized likelihood ratio test (GLRT) approach [9] .
where I(x, y, z; i) represents the imaging result corresponding to the i − th sub-aperture and I(x, y, z) represents the final imaging result. Remarkably, the GLRT approach requires that the resolution of each sub-aperture image is the same. If there is a sub-aperture image with poor resolution, the resolution of the final imaging result fused by the GLRT approach will also be poor. In view of this, the principle of sub-aperture partitioning is that the resolution of each sub-aperture should be consistent and the information in each line of sight should be included.
The equal-interval sub-aperture partitioning method, as the most commonly used method, divides the aperture with equal interval. In this method, the size of each sub-aperture and the overlapping between each sub-aperture were constant. However, it was not appropriate for non-uniformly sampled SAR. Since the resolution of the imaging result was influenced by the non-uniform sampling in K-space, namely, the resolution of each sub-aperture cannot be guaranteed to be the same when dividing the aperture with equal intervals.
Therefore, in order to obtain the final imaging result with high resolution for non-uniformly sampled SAR, the distribution of K-space sampling must be taken into account and the aperture needed to be divided non-uniformly to ensure that the resolution of each sub-aperture s consistent.
Non-Uniform Sub-Aperture Partitioning Method
The principle of sub-aperture partitioning is that the resolution of each sub-aperture should be consistent and the information in each line of sight should be included. Equation (11) implies that the distribution of K-space sampling has a great influence on the resolution of the imaging result, and a great diversity of samples results in a higher resolution of imaging results. Accordingly, we adjusted the size of each sub-aperture on the basis of the K-space sampling of the current sub-aperture to make the resolution of each sub-aperture consistent and high. Furthermore, the central angle of each sub-aperture was evenly distributed to ensure that the information in each line of sight was included. Based on the two criteria above, an appropriate sub-aperture partitioning result was finally obtained.
The non-uniform sub-aperture partitioning method was proposed on the basis of the existing equal-interval sub-aperture partitioning method. The flowchart of the proposed method is shown in Figure 3 . Firstly, the aperture was divided by equal intervals according to the number of sub-apertures, and the overlapping between each sub-aperture was set to half the size of the sub-aperture. Secondly, according to the result of equal-interval partitioning, the estimation of 3-D resolution in each sub-aperture was calculated using Equation (11) to find the lowest resolution estimation. Lastly, we searched the optimum size of each sub-aperture so that the resolution estimation of each sub-aperture as calculated by Equation (11) was the same as the lowest resolution estimation obtained before. The result of the non-uniform sub-aperture partitioning was finally acquired. It is noteworthy that the 3-D resolution was determined by the K-space sampling and the scattering persistence of the target. Using Equation (11) to estimate the 3-D resolution also required the known scattering persistence of the target. However, when dividing the aperture, the target was assumed to be isotropic in sub-aperture due to the small size of each sub-aperture. Because of this, It is noteworthy that the 3-D resolution was determined by the K-space sampling and the scattering persistence of the target. Using Equation (11) to estimate the 3-D resolution also required the known scattering persistence of the target. However, when dividing the aperture, the target was assumed to be isotropic in sub-aperture due to the small size of each sub-aperture. Because of this, the scattering persistence of the target did not need to be considered when estimating the 3-D resolution by Equation (11) in the proposed method, i.e., set p α (θ) = 1 in Equation (7) and Equation (8) .
The steps for the non-uniform sub-aperture partitioning method are shown in Table 1 . θ c and θ l represent the central angle and the aperture size of the current sub-aperture, respectively. According to the K-space sampling within the current sub-aperture (θ c , θ l ), the corresponding V CRLB (θ c , θ l ) of this sub-aperture can be obtained by Equation (11) . Table 1 . The steps for the non-uniform sub-aperture partitioning method.
The Non-Uniform Sub-Aperture Partitioning Method
1.
Input: sub-aperture number n, azimuth original angle θ 1 , azimuth terminate angle θ 2 .
2.
Divide the aperture with equal intervals
n+1 , the azimuth range of the i − th sub-aperture
3.
Calculate V CRLB θ c i , θ l i of the i − th sub-aperture θ c i , θ l i by Equation (11), find the minimum value
4.
Search the optimum size of the first new sub-aperture θ c 1 , 
5.
Search the optimum size of the last new sub-aperture θ c n , θ l n so that V CRLB θ c n , θ l n = V CRLB , the values of θ c n and θ l n are obtained by the relationship θ c n + 1 2 θ l n = θ 2 .
6.
Deduce the azimuthal central angle θ c i of the i(1 < i < n) − th new sub-aperture, and obtain
7.
Search the optimum size of the i(1 < i < n) − th new sub-aperture θ c i , θ l i so that V CRLB θ c i , θ l i = V CRLB , the value of θ l i is obtained according to the known θ c i .
8.
Output: Non-uniform sub-aperture partitioning result θ c i , θ l i .
Experiments and Results

Estimation of the 3-D Resolution
The correctness of the 3-D resolution estimation V CRLB was verified by the following experiment: A reflector with limited persistence of 30 • was placed in the center of the scene. The center frequency of the radar was 10 GHz, and the bandwidth was 2 GHz. The scanning trajectory of radar along elevation and azimuth was consistent with that of five UAVs in cooperative flight shown in Figure 1 
A comparison of the 3-D resolution estimation V CRLB and the actual 3-D resolution V 6dB as aperture extent increased is shown in Figure 4 . The target was imaged by 3-D NUFFT with the azimuth aperture extent increasing from 5 • to 40 • . According to the distribution of K-space sampling within the selected aperture, the 3-D resolution estimation V CRLB of the target was calculated by Equation (11) . According to the 3-D imaging result, the actual 3-D resolution V 6dB was represented by the volume of the ellipsoid, which was larger than −6dB in the imaging result. It can be seen from Figure 4 that the trend of the two curves was basically the same, which verified the validity of Equation (11) . Furthermore, when the aperture extent was smaller than the persistence of the target (30 • ), with the increase of the azimuth aperture extent, the better the resolution was, as shown in Figure 4 . However, the resolution of the imaging result did not improve when the aperture extent was larger than 30 • , since increasing the aperture extent does not bring any useful information. Seen from Figure 4 , the two curves tended to be stable when the aperture extent was larger than 30 • . In summary, the 3-D resolution was indeed determined by the distribution of K-space sampling and the scattering persistence of the target, as expected in Equation (11) . Specially, Figure 5 gives the target scattering amplitudes and the 3-D imaging results with different aperture extents. The parts within the magenta dotted lines in Figure 5a ,c,e,g represent the target scattering amplitudes versus azimuth and elevation with azimuth aperture extent of 5, 15, 30 and 40°, respectively. Additionally, Figure 5a ,c,e,g shows the corresponding 3-D imaging results. Consistent with the result shown in Figure 4 , the ellipsoid in Figure 5b was larger than in Figure 5d , while the ellipsoid in Figure 5f was the smallest. In addition, the 3-D imaging result with aperture extent of 30° was nearly the same as that of 40°, as shown in Figure 5f ,h.
(a) (b) Specially, Figure 5 gives the target scattering amplitudes and the 3-D imaging results with different aperture extents. The parts within the magenta dotted lines in Figure 5a ,c,e,g represent the target scattering amplitudes versus azimuth and elevation with azimuth aperture extent of 5, 15, 30 and 40 • , respectively. Additionally, Figure 5a ,c,e,g shows the corresponding 3-D imaging results. Consistent with the result shown in Figure 4 , the ellipsoid in Figure 5b was larger than in Figure 5d , while the ellipsoid in Figure 5f was the smallest. In addition, the 3-D imaging result with aperture extent of 30 • was nearly the same as that of 40 • , as shown in Figure 5f ,h.
Specially, Figure 5 gives the target scattering amplitudes and the 3-D imaging results with different aperture extents. The parts within the magenta dotted lines in Figure 5a ,c,e,g represent the target scattering amplitudes versus azimuth and elevation with azimuth aperture extent of 5, 15, 30 and 40°, respectively. Additionally, Figure 5a ,c,e,g shows the corresponding 3-D imaging results. Consistent with the result shown in Figure 4 , the ellipsoid in Figure 5b was larger than in Figure 5d , while the ellipsoid in Figure 5f was the smallest. In addition, the 3-D imaging result with aperture extent of 30° was nearly the same as that of 40°, as shown in Figure 5f ,h. 
Performance of the Proposed Sub-Aperture Partitioning Method
The effectiveness of the sub-aperture partitioning method proposed in this paper was verified by two experiments, and both cases were considered-based on a single target and based on two adjacent targets.
A trihedral was placed in the scene, and its 3-D CAD model is shown in Figure 6 . The center frequency of radar was 10 GHz, and the bandwidth was 2 GHz. The scanning trajectory of radar along elevation and azimuth was consistent with that of five UAVs in cooperative flight shown in Figure 1 , and Figure 2b showed its non-uniform K-space sampling. The azimuth and elevation range were [66°, 114°] and [18°, 42°], respectively. The data were generated by CST Microwave Studio software. 
A trihedral was placed in the scene, and its 3-D CAD model is shown in Figure 6 . The center frequency of radar was 10 GHz, and the bandwidth was 2 GHz. The scanning trajectory of radar along elevation and azimuth was consistent with that of five UAVs in cooperative flight shown in Figure 1 Figure 7 gives the result of sub-aperture partitioning. The number 1 to 9 in Figure 7 represents the sequence number of the current sub-aperture. The azimuth aperture size was 48 • for the scene that the azimuth range was [66 • , 114 • ]. When using the equal-interval partitioning method, the aperture of 48 • was divided into 9 sub-apertures with equal interval, thus the size of each sub-aperture was 9.6 • and the overlapping between each sub-aperture was 4.8 • , as shown in Figure 7a . Furthermore, on the basis of the K-space sampling shown in Figure 2b and the number of sub-apertures, the aperture was divided non-uniformly using the method proposed in Section 5. The result of the non-uniform sub-aperture partitioning is shown in Figure 7b . Figure 7 gives the result of sub-aperture partitioning. The number 1 to 9 in Figure 7 represents the sequence number of the current sub-aperture. The azimuth aperture size was 48° for the scene that the azimuth range was [66°, 114°]. When using the equal-interval partitioning method, the aperture of 48° was divided into 9 sub-apertures with equal interval, thus the size of each subaperture was 9.6° and the overlapping between each sub-aperture was 4.8°, as shown in Figure 7a . Furthermore, on the basis of the K-space sampling shown in Figure 2b and the number of subapertures, the aperture was divided non-uniformly using the method proposed in Section 5. The result of the non-uniform sub-aperture partitioning is shown in Figure 7b . The resolution comparison of imaging results using different sub-aperture partitioning methods is shown in Figure 8 . Firstly, according to the two sub-aperture partitioning results shown in Figure   7 , the trihedral is imaged by 3-D NUFFT on each sub-aperture. Figure 7 gives the result of sub-aperture partitioning. The number 1 to 9 in Figure 7 represents the sequence number of the current sub-aperture. The azimuth aperture size was 48° for the scene that the azimuth range was [66°, 114°]. When using the equal-interval partitioning method, the aperture of 48° was divided into 9 sub-apertures with equal interval, thus the size of each subaperture was 9.6° and the overlapping between each sub-aperture was 4.8°, as shown in Figure 7a . Furthermore, on the basis of the K-space sampling shown in Figure 2b and the number of subapertures, the aperture was divided non-uniformly using the method proposed in Section 5. The result of the non-uniform sub-aperture partitioning is shown in Figure 7b . The resolution comparison of imaging results using different sub-aperture partitioning methods is shown in Figure 8 . Firstly, according to the two sub-aperture partitioning results shown in Figure   7 , the trihedral is imaged by 3-D NUFFT on each sub-aperture. V 6dB−e and V CRLB−e represent the actual 3-D resolution and the 3-D resolution estimation of each sub-aperture obtained by the equalinterval sub-aperture partitioning method, respectively. V 6dB−n and V CRLB−n represent the actual 3-D resolution and the 3-D resolution estimation of each sub-aperture obtained by the non-uniform sub-aperture partitioning method, respectively. Specially, V CRLB is calculated by Equation (11) and V 6dB is represented by the volume of the ellipsoid which is larger than -6dB in the imaging result. The resolution comparison of imaging results using different sub-aperture partitioning methods is shown in Figure 8 . Firstly, according to the two sub-aperture partitioning results shown in Figure 7 , the trihedral is imaged by 3-D NUFFT on each sub-aperture. V 6dB−e and V CRLB−e represent the actual 3-D resolution and the 3-D resolution estimation of each sub-aperture obtained by the equal-interval sub-aperture partitioning method, respectively. V 6dB−n and V CRLB−n represent the actual 3-D resolution and the 3-D resolution estimation of each sub-aperture obtained by the non-uniform sub-aperture partitioning method, respectively. Specially, V CRLB is calculated by Equation (11) and V 6dB is represented by the volume of the ellipsoid which is larger than -6dB in the imaging result. Subsequently, the sub-images were combined to reconstruct the final imaging results by the GLRT approach. V f inal−e and V f inal−n represent the actual 3-D resolution of the final imaging result obtained by the equal-interval and the non-uniform sub-aperture partitioning method, respectively. Specially, the target scattering amplitudes and the 3-D imaging results of different sub-apertures obtained by different sub-aperture partitioning methods are shown in Figure 9 . The parts within the magenta dotted lines in Figure 9a ,e represents the target scattering amplitudes within sub-aperture 1 and sub-aperture 4 obtained by the equal-interval sub-aperture partitioning method, respectively. Additionally, Figure 9b It can be seen from Figure 8 that the trend of V 6dB−e was basically consistent with V CRLB−e , also, the trend of V 6dB−n and V CRLB−n were basically the same, which verified the validity of Equation (11). In addition, when using the equal-interval sub-aperture partitioning method, the resolution of each sub-aperture varied greatly since V CRLB−e and V 6dB−e in Figure 8 obviously fluctuated. On the contrary, for the non-uniform sub-aperture partitioning method, the resolution of each sub-aperture was basically the same as V CRLB−n and V 6dB−n in Figure 8 . Moreover, V CRLB−n and V 6dB−n were always below V CRLB−e and V 6dB−e , which meant that the resolution of each sub-aperture obtained by the non-uniform sub-aperture partitioning method was better than that obtained by the equal-interval sub-aperture partitioning method. Although the size of each sub-aperture was the same in the equal-interval method, the resolution of each sub-aperture was obviously different due to the different distributions of K-space sampling in each sub-aperture. However, considering the distribution of K-space sampling in each sub-aperture, the proposed method ensured that the resolution of each sub-aperture was consistent and high. Finally, V f inal−n was much lower than V f inal−e , which indicated that the resolution of the final 3-D imaging result after the non-uniform sub-aperture partitioning outperformed that after the equal-interval sub-aperture partitioning. As a matter of fact, the resolution of the final imaging result was determined by the sub-image with the worst resolution. When using the equal-interval sub-aperture partitioning method, the resolution of the first sub-aperture was very poor, which resulted in poor resolution of the final imaging result. However, for non-uniform sub-aperture partitioning, since the resolution of each sub-image was consistent and high, a high-resolution imaging result was obtained.
Specially, the target scattering amplitudes and the 3-D imaging results of different sub-apertures obtained by different sub-aperture partitioning methods are shown in Figure 9 . The parts within the magenta dotted lines in Figure 9a ,e represents the target scattering amplitudes within sub-aperture 1 and sub-aperture 4 obtained by the equal-interval sub-aperture partitioning method, respectively. Additionally, Figure 9b ,f shows the corresponding 3-D imaging results. The parts within the magenta dotted lines in Figure 9c ,g represents the target scattering amplitudes within sub-aperture 1 and sub-aperture 4 obtained by the non-uniform sub-aperture partitioning method, respectively. Figure 9d ,h shows the corresponding 3-D imaging results. Because the extent of elevation was 24 • while the extent of azimuth was only about 10 • , the elevation resolution was finer than the azimuth resolution, which made the imaging result in Figure 9 ellipsoid. Consistent with the result shown in Figure 8 , the ellipsoid in Figure 9b was larger than that in Figure 9f . The resolution of each sub-aperture was obviously different when using the equal-interval method. For the reason that the resolution of sub-aperture 1 was the worst, while that of sub-aperture 4 was the best in the equal-interval method, the proposed non-uniform sub-aperture partitioning method adjusted the size of each new sub-aperture until the resolution of each new sub-aperture was the same as the sub-aperture 4 in the equal-interval method. Therefore, the ellipsoid in Figure 9d was smaller than that in Figure 9b , and the ellipsoid in Figure 9f was basically the same as that in Figure 9h , which was consistent with the result shown in Figure 8 .
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Conclusion
For 3-D wide-angle SAR with non-uniform sampling, dividing the aperture with equal intervals has a bad influence on the resolution of the SAR imaging result. In this paper, the sub-aperture partitioning problem under non-uniform sampling was studied for the first time and a non-uniform sub-aperture partitioning method was proposed. According to the relationship between the 3-D resolution and the sampling distribution in K-space, the proposed method searched the optimum size of each sub-aperture and the aperture was divided non-uniformly. Since the proposed method ensured that the resolution of each sub-aperture was consistent and high, the resolution of the final 
Conclusions
For 3-D wide-angle SAR with non-uniform sampling, dividing the aperture with equal intervals has a bad influence on the resolution of the SAR imaging result. In this paper, the sub-aperture partitioning problem under non-uniform sampling was studied for the first time and a non-uniform sub-aperture partitioning method was proposed. According to the relationship between the 3-D resolution and the sampling distribution in K-space, the proposed method searched the optimum size of each sub-aperture and the aperture was divided non-uniformly. Since the proposed method ensured that the resolution of each sub-aperture was consistent and high, the resolution of the final imaging result obtained by the proposed method was much better than that by the equal-interval sub-aperture partitioning method. The effectiveness of the proposed method was verified by using electromagnetic simulation data.
Combining sparse imaging with the proposed method may improve imaging quality and resolution of the imaging result. In addition, the proposed method in this paper can also image complex targets. These interesting problems will be further studied in future.
Author Contributions: D.S. and S.X. designed the algorithm; D.S. and Y.L. performed the algorithm; S.X. and B.P. proposed an important modified scheme of the paper; D.S. wrote the paper; X.W. revised the paper.
Funding: This research was funded by the National Natural Science Foundation of China (No. 61490692, 61490693).
